Many methods in computer graphics require the integration of functions on lowto-middle-dimensional spaces. However, no available method can handle all the possible integrands accurately and rapidly. This paper presents a robust numerical integration method, able to handle arbitrary non-singular scalar or vector-valued functions defined on low-to-middle-dimensional spaces. Our method combines control variate, globally adaptive subdivision and Monte-Carlo estimation to achieve fast and accurate computations of any non-singular integral. The runtime is linear with respect to standard deviation while standard Monte-Carlo methods are quadratic. We additionally show through numerical tests that our method is extremely stable from a computation time and memory footprint point-of-view, assessing its robustness. We demonstrate our method on a participating media voxelization application, which requires the computation of several millions integrals for complex media.
1. Introduction. Integration is a fundamental and indispensable mathematical tool widely used in different domains such as physics, applied mathematics and in our case, computer graphics. It allows us to compute global function information over a large continuous domain (sum of values, averages, errors, etc), from local function informations. As soon as functions (here denoted as integrand ) cannot be integrated analytically, a numerical integration method has to be used. Unfortunately, no current single method is able to compute accurately, efficiently and robustly integrals of arbitrary functions. Thus, when integrating numerically, a specific method dedicated to a set of integrals has to be selected in order to get a maximal efficiency. This requires a deep knowledge of the available methods and, in some cases, it is not even possible to know in advance which method is the most adapted for a given integrand, e.g. when no analytical properties of the integrand is available. In computer graphics, most of the integrands are to be integrated on subsets of R D (D < 30, i.e. from low to middle dimensionality), with values in R N , N ≥ 1. When N > 1, we refer to vector-valued integrands, such as the integration of colors with several channels.
Our technique addresses such integrands, for which no single integration method provides efficient and accurate computation (Section 2). We do not handle singular integrals, as analytical methods have to be specifically designed for each case, but we naturally handle quasi-singular integrals. We present a novel integration method whose key feature is to tightly coupling deterministic quadrature rules and Monte-Carlo estimation (Section 3). The accuracy, efficiency and robustness of our method is assessed by several numerical tests presented in Section 4. We illustrate its effectiveness on the voxelization of arbitrary participating media, according to a global reconstruction error, with octrees (Section 5). This application is both of particular interest in computer graphics and simulation, and especially challenging to handle since it requires the evaluation of millions of average and quadratic error terms per voxelization, which are all expressed as integrals.
2. Previous Work. Methods targeting low-to-middle-dimensions numerical integration can be broadly split into two categories: deterministic and stochastic methods.
Deterministic methods: A large number of deterministic integration methods are based on so-called quadrature or cubature rules. Interested readers can refer to [1] . These methods build a precise analytically-integrable approximation of the integrand. Even though fast to evaluate, the integration with a high precision of high-frequency functions over large and high-dimensional domains can lead to extremely important memory consumptions. Additionally, an accurate estimation of the error is difficult to obtain. Another kind of deterministic methods is based on Quasi-Monte-Carlo (QMC) sampling, which we present below. For a given integrand, integration domain and precision, deterministic methods have the common property to always give the same result. An important consequence is that failure cases (inaccurate result but small computed error) are difficult to detect automatically without already knowing the reference value.
Stochastic methods: These methods are based on the Monte-Carlo estimator. Even though very general, the standard Monte-Carlo estimator is computationaly inefficient for complex integrands. It remains thus the core of several improved methods. The numerical integration library CUBA, developed by physicists, includes two reference state-of-the-art methods called SUAVE and DIVONNE [7] . These methods can be used to integrate, with an estimation of the error, any low-to-middle dimensionality integrands defined over the unit hyper-cube at a given absolute or relative precision, without requiring any a-priori information. An integrand with an arbitrary integration domain has thus to be mapped so that its integration domain is the unit hyper-cube.
The Monte-Carlo estimator evaluates an integral as the mean value of weighted integrand evaluations done at randomly generated samples of the integration domain. The efficiency of Monte-Carlo estimation can be measured by its variance, and the variance highly depends on the sample distribution. Standard methods thus adapt the sample distribution to lower this variance and improve Monte-Carlo estimation. Monte-Carlo estimation makes use of random numbers obtained through pseudo-random number generators (PRNG), generally distributed uniformly on the [0, 1) interval. The practical uniformity of these random numbers is of importance for robustness, and a highquality distribution can lead to major variance reduction. QMC methods [9] replace PRNGs by deterministic sequences, whose uniformity is largely improved compared to standard PRNGs. All methods in CUBA can use either PRNGs or QMC.
Two standard methods amongst others exist to improve the samples distribution: adaptive sampling and importance sampling. Adaptive sampling relies on the property of additivity of integrals, by splitting the integration domain into regions and estimating the integral in each region independently. By subdividing more where the integration error is larger, samples are focused on the regions where the integrand is harder to integrate. On the other hand, importance sampling reduces the variance of an estimator by generating samples according to the integrand values: more samples where the integrand is larger. SUAVE combines these two methods. First, it uses a globally adaptive subdivision to achieve adaptive sampling. A globally adaptive subdivision splits the integration domain according to an integration error measure, in a progressive way, until the total error or variance is below a desired threshold. At each step, the region of the integration domain with the largest error is subdivided, and a new estimation is computed in each sub-region. Second, for each estimation, the VEGAS algorithm [10] , which performs importance sampling, is used to compute the integral and the integration error. VEGAS builds iteratively a separable approximation of the integrand using piecewise-constant functions, and uses it for sampling. Note that in our case of vector-valued integrals, correlation amongst the components of the integral should be present to get an adequate sampling for all components at once.
The SUAVE algorithm has few parameters, and default values are given in the paper for the Mathematica implementation. However, our numerical tests presented in Section 4 show that SUAVE has major flaws. First, its computation times and memory consumptions are not stable: they vary a lot from an integrand to another, and even for a same integrand when using a PRNG to generate the uniform numbers used. Second, for some integrands, the method leads to extremely large computation times (in the order of ten minutes against ten seconds for our method) and unacceptably large memory consumption (ten gigabytes of memory against 47 megabytes for our method). Third, this method is not well adapted for arbitrary vector-valued integrals, especially when correlation between the components is low. Fourth, our tests on complex participating media functions, presented in Section 4, show that this method can have robustness problems with functions with large almost constant parts, which in our case lead to largely underestimated integrals. All these flaws are a mark of a global lack of robustness, being mathematical or computational, which is highly impairing when handling arbitrary vector-valued integrals. DIVONNE relies on numerical optimization methods to find peaks of the integrand and sample them accordingly. This method has a lot of intrinsic parameters which depend on the integrand, making it difficult to use. More precisely, finding a set of parameters which work well for all integrands seems difficult, as, for instance, some of these parameters are linked to the smoothness of the integrand. An illustration of this problem is that the use of the default parameter values given in [7] produces good results for some functions both in terms of accuracy and rapidity, but fails for others. More specifically, these parameters are well adapted for the Genz test functions [5] , which are used in [7] to assess the accuracy and robustness of the method. However, it gives values between 1.08 and 1.45 after large computation times when estimating several times an integral of practical interest whose analytical value is known to be 1.7035, with a required precision of 0.001. As we want to compute arbitrary integrals without requiring any prior information and therefore without having to set integranddependant parameters, we decided to avoid the use of DIVONNE.
Other approaches do not rely on a priori information. [12] uses a control variate based on a low-order approximation of the function reconstructed in a grid. The use of a grid prevents the method from handling integrands with dimensionalities larger than 3 or 4. Moreover, the grid size must be computed a priori, which greatly reduces the robustness of the method with respect to very different integrands. A large number of Monte-Carlo integration methods rely on local exploration with samples mutations for improving the estimation [2, 11] . However, these methods use dependent samples to perform the estimation, which makes the precision difficult to compute.
Globally Adaptive Control Variate.
3.1. Overview. Our goal is to compute values of the form:
where g is an arbitrary function from Ω ⊂ R D to R N . Function g (and its integral) has N components: g = (g 1 , . . . , g N ). In the following, Ω is assumed to be a compact (bounded) axis-aligned subset of R D . We show how to handle unbounded and/or non-axis-aligned subsets of R D in Section 3.7.
We introduce the globally adaptive control variate (GACV) algorithm, which computes an estimate < I > of I. The precision of the estimation is controlled through confidence intervals, of the form P (|< I > −I| < ǫ) = 95% for the N components of the integral, where ǫ is determined from relative and absolute precision requirements given by the user (Section 3.3). As presented in Algorithm 1, we use a globally adaptive subdivision strategy, similarly to the SUAVE algorithm. At each step of the algorithm, the region with largest error is subdivided along the longest axis into two sub-regions of equal size, and an estimation is computed for each sub-region. This is efficiently done through the use of a heap.
The subdivision process generates an estimation tree, whose leaves form a partition of Ω, and are used to obtain the final estimation. Section 3.2 presents the estimation of the integral inside a region R of Ω, which is the main contribution of our method.
To obtain an accurate, robust, and efficient estimator, we combine:
• a new locally-refinable approximation of the integrand, detailed in Section 3.4,
• a control-variate-based estimation,
• a standard Monte-Carlo estimation,
• a dedicated stratified sampling effective even for large D values and non-cubic regions (Section 3.5).
We additionally show that all the estimations of the leaves of the tree are unbiased and independent, and that their distribution can be made close to a Gaussian distribution. The globally Gaussian nature of the leaf estimations, and more specifically the variance information, allows us to derive the error used to choose the estimations to split, the variance of the complete estimation (Section 3.6) and the actual convergence criterion (Section 3.3).
Global estimation and variance:
As all the leaf estimations can be assumed to have a Gaussian distribution, the complete estimation and its variance are obtained by summing each leaf estimate and variance, and has itself a Gaussian distribution with mean value I. This means that our algorithm is theoretically unbiased. The Gaussian distribution of the result is confirmed to a large extent by our tests (Section 4). Note that the two global sums (global estimate and variance) are updated on the fly in Algorithm 1. From an implementation point-of-view, using double precision for all the components of these sums is mandatory to avoid numerical instabilities.
Estimations.
Control-variate-based integration makes use of the following identity:
whereĝ is an analytically integrable function approximating g, and is called control variate. The more constant g(p) −ĝ(p) is, the lower the number of samples required to estimate the first integral with Monte-Carlo. For our estimator, we use stratified sampling to enhance the robustness of the estimator, and further reduce variance. Using N p independent passes of stratified sampling with S strata (we show how we choose N p and the S strata in Section 3.5) yields our control-variate-based estimator:
where P i,s is a point uniformly sampled in the s-th strata. Any sampling strategy can be used as long as uniformity is ensured and the variance of the estimation can be computed. However, variations of the sampling should be kept minimal as important variations (for instance when using only a subset of the strata by randomly choosing a few of them) are likely to produce large differences in several estimations of the same integral, which decreases the computational stability of the method.
Equation (3.3)
is an effective way for mixing Monte-Carlo estimation for high-frequencies of g, and deterministic quadratures for its smooth part. As detailed in Section 3.4, our control variate is based on a kd-tree, each leaf being a first-order approximation of the function on the region covered by the leaf. In the literature, the control variate is built before any integration is done [4] . The key difference of our method is that we refine this kd-tree locally based on the global subdivision scheme during integration, allowing us to tightly approximate the function where needed.
The major drawbacks of using control variate are:
• Negative integrals estimates can be obtained even for positive functions.
• It can perform worse than standard Monte-Carlo when g −ĝ contains more variations than g (see Figure 3 .1 for a 1D example).
To robustly address these two issues, we also compute, with the same samples and thus a minimal overhead, a standard Monte-Carlo estimation:
Note that here, the uniformity of the stratified samples is crucial for < I c > and < I m > to be equally well sampled. Once the N p passes have been performed, the final vector-valued estimation is obtained by taking, independently for each component, the estimation with lowest variance between standard Monte-Carlo estimation and control-variate-based estimation. For a given component, if g is known to be positive for this component and the estimate of control variate is negative, the standard Monte-Carlo estimate is taken.
Convergence Criterion.
The convergence of our method is based on the estimated accuracy of the estimation. For each component of the function we would like to find an estimate < I > n of the exact value I n that satisfies:
where ǫ a is an absolute tolerance parameter and ǫ r a relative tolerance parameter.
As < I > n is assumed to have a Gaussian distribution with mean value I n and variance σ 2 n for each component n ∈ {1, . . . , N }, we have:
Using the absolute tolerance parameter ǫ a , the relative tolerance parameter ǫ r and the Gaussian nature of the distribution, we define our convergence criterion as:
We therefore consider that the computation of the integral of a component converged when:
where, similarly to [7] , we use < I > n instead of I n because I n is not known. As soon as Equation (3.9) is satisfied for all the components, the computation is stopped.
As we do not know the exact variance of the Gaussian distribution of the global estimation, we use the global variance estimate to perform the convergence test. Since this convergence criterion relies on confidence intervals, its exact interpretation is subtle. It ensures that when a large number of estimations of the same integral is done, 95% of the estimations actually respect the precision requirements.
3.4. Kd-tree as Control Variate. Our control variate is based on a kd-tree, each leaf representing the integrand with a first-order approximation. When a leaf is split into two parts, the split plane is placed at the middle of the longest axis. This allows us to associate a node of the kd-tree to each estimation.
The first-order approximation of the integrand inside a node of the kd-tree covering a region R ⊂ Ω, of extents e 1 , . . . , e D in each dimension, with centroid c, is based on two quantities ∇ + and ∇ − computed using finite differences:
The value of the n−th component of the control variate at a point p belonging to R is then given by the integrand approximation:
for the D components of ∇g n (c, p). This interpolant function gives an adequate compromise between smoothness, memory storage, and evaluation cost. In the remaining, we call the N -components function defined from Equation (3.12) a gradient interpolator. The integral of this function over R for a component n is:
where V is the volume of the region. The important point is that even though our approximation defines N × 2 D hyperplanes, we store only 2 × N × D values for ∇ + and ∇ − , and the integral is computed in a linear time with respect to D.
Any suitable higher-order approximation could replace the gradient interpolator. However, the use of a separable approximation instead of a tensor-product-like interpolation to avoid a huge memory overhead, and the tendency of higher-order approximations to oscillate are likely to lead to a poor approximation. Oscillations would combine in an undesirable and uncontrollable manner when evaluating the separable approximation, introducing higher frequency in the g(p) −ĝ(p) term than what actually exists in g(p), making g(p) −ĝ(p) more complicated to integrate than the original problem. In addition, higher-order approximations require more function evaluations for their construction, and are more costly to evaluate. For these reasons, we found the first-order approximation a good compromise between accuracy and speed, while limiting the introduction of undesired high-frequencies with arbitrary integrands.
Local selective refinement: The control variate is never globally refined: refinement is applied locally on the sub-tree containing the region of interest. As most methods, our refinement is based on an approximation error [6] . As illustrated on the 1D case in Figure 3 .2, our error is estimated using three gradient interpolators inside each leaf: the first covers the whole leaf and the two others cover the two halves of the region. Let I 1 be the integral of the coarsest gradient interpolator, and I 2 be the sum of the integrals of the two others. We refine the leaf if, for at least one component:
whereĜ is the integral of the global control variate computed before the refinement starts. We use ǫ c r = 10 × ǫ r and ǫ c a = 10 × ǫ a to get a sufficient approximation while not being yet as precise as required for the whole estimation.
Control variate evaluation and integral: We use the two interpolators, each covering half of the region covered by a node, asĝ function. The control variate integral in a leaf is the sum of the two interpolator integrals, and the complete control variate integral is the sum of each leaf integral.
Control Variate and Estimations
Interactions. Non-combinatorial stratified sampling: The structure of our control variate directly provides the strata of our stratified sampling scheme. Indeed, the middle split strategy of our kd-tree ensures that for a node N , the best S = 2 d strata covering N are the nodes at d levels below N . This way, the number of strata is constant whatever the value of D and strata are dominantly cube-shaped, providing an adequate samples distribution.
The value d thus determines the robustness of the estimator, while N p determines its distribution. The combination of d and N p allows us to determine the accuracy of the estimation, as 2 d × N p samples are used for each estimation. A good starting point to set these variables is to use N p = 15 and d = 4, which allows avoiding an important loss of samples when refining an estimation while ensuring both an Fig. 3.3 . Left: illustration of a selective refinement failure: the computed error is far from the actual error. Right: after refinement when d = 1 (leading to the green leaves), the error is correctly detected as large, and selective refinement for this node will lead to a more correct control variate.
estimator distribution close to a Gaussian and a correct stratification. We use these values for all our examples (whatever the integrand dimension or characteristics) and they can be used safely for any function to integrate.
Estimation-guided control variate refinement: The estimation of each stratum is an independent Monte-Carlo estimation. Better estimations are obtained with at least one control variate leaf per stratum. The control variate subtree with root N must thus have a minimum depth of d. If not, we refine it systematically up to depth d, and selectively afterward. This allows us to handle very difficult cases such as illustrated in Figure 3 .3. In fact, this largely improves the robustness of our control variate to arbitrary-frequency content, and reduces the sensitivity of GACV to the values of ǫ c r and ǫ a r , as refinement occurs locally based on Monte-Carlo estimation.
3.6. Estimation Error. The globally adaptive subdivision selects the regions to split according to an error measure. It is derived from our convergence criterion (Equation (3.9)). At each step, we select the region in which the estimation is the least converged. For scalar integrands, this is done by selecting the regions according to the variance of their estimates.
For vector-valued integrands, scale differences between components have to be taken into account. A criterion based on a scale-independent error is given by:
As our global estimator is the sum of Gaussian estimators, one by estimation leaf, the global error is the sum of the error of each leaf relatively to the global estimate, given by:
We obtain the final scalar error from Equation (3.16) by taking the maximum over all the components.
As Equation (3.16) uses < I > which changes at each step, we have to update the errors and rebuild the heap accordingly. As this is too costly, we do not update the errors at each step. Instead, they are updated and the heap is rebuilt very often at the beginning, since the relative scales between components can change dramatically, and less often after a few iterations because the relative scales estimations are stabilized.
We thus update the errors and rebuild the heap at the second step, the fourth step, the eight-th step, and so forth. one can use a mapping X : [0, 1) D → Ω between numbers in [0, 1) D and elements of Ω, which has the properties of a random variable defined over the uniform random hypercube of dimension D. This random variable X defines a probability distribution on Ω, and for the measure of integration µ, it has an associated probability density function p X,µ . Then, Equation (3.17) can be reformulated as an integral over a bounded axis-aligned support:
where u is a D-dimensional vector of numbers in [0, 1). This general reformulation allows us to handle arbitrary supports whenever D is a finite constant and X satisfies g(x) = 0 ⇒ p X,µ (x) > 0.
Combining GACV and importance sampling: Equation (3.18) also allows us to use GACV and importance sampling at the same time. If a well adapted sampling distribution X is known for g, integrating g(X(u)) pX,µ(X(u)) using GACV leads to a very effective combination of importance sampling and control variate.
Numerical Evaluation.
In order to experimentally verify that GACV reaches our objectives (mathematical and computational robustness, efficiency, generality), we have developed a set of numerical tests and compare GACV against two variants of SUAVE: a deterministic using QMC (SUAVE-QMC) and a stochastic using a PRNG (SUAVE-PRNG).
We use SUAVE with the default numeric parameters given for the Mathematica implementation and we limit the maximum number of samples to 100 millions. With SUAVE, we can use only the samples in the leaves of the estimation tree, or all the samples to compute the global integral value. However, although slightly faster, this last possibility has shown to largely decrease the accuracy of the method. We thus use the leaves samples only.
Tests Functions. Genz test functions [5]:
Genz defined six families of functions to easily test the behavior of numerical integration methods with arbitrarydimensional scalar functions. These families of functions are parameterized by two randomly chosen vectors. The first vector, denoted w, is non-affective, i.e. different values of w should lead to similar performances. The second vector, denoted c, is affective through its norm (called difficulty d): the larger the norm, the more difficult to integrate the function. For a given difficulty d, the components of w and c are first chosen randomly in [0, 1), and c is scaled so that its norm equals d. Note that for a same difficulty, different c vectors should lead to similar performances.
The test functions are defined as:
In a similar fashion to [7] , we perform our tests following the process summarized in Algorithm 2. We use the same difficulty values as in [7] For all functions, we set the convergence parameters of our confidence-interval-based convergence criterion (Section 3.3) with ǫ r = 10 −3 as ǫ a = 10 −7 in Equation (3.9).
We test the computational stability of the stochastic methods -GACV and SUAVE-PRNG -by performing 50 independent estimations of each integral. Compared to [7] , we perform the test for D = 6, a middle-dimensional integration problem. In order to also evaluate the behavior of the integration methods on vector-valued integrands, we propose the use of a seventh test function family defined as f c = (f 1 , . . . , f 6 ).
Participating media integration:
In addition to specifically designed test functions, we use two 3-components functions defining the scattering coefficients of two participating media represented by RGB triplets (D = 3 in this case). The rendering of these participating media with ray-marching is shown in Figure 5 .1.
The first participating medium, called Porsche, is the density of a Porsche car, transformed by a colored transfer function. This medium is represented by a grid of 559 × 1023 × 347 nodes, with a total of 193 millions cells. It exhibits a lot of details and sharp non-axis-aligned features.
The second participating medium, called cloud, has been produced using Ebert's procedural system [3] . This model exhibits both smooth parts and very-high frequencies, localized on the border of the cloud. No analytical properties are available for this function.
Our test consists in integrating the scattering coefficients on the whole support of these media with three different relative precisions: 0.1, 0.01, and 0.001. For each precision, we evaluate the robustness and the accuracy of the three methods by computing the integral, 1000 times with GACV and SUAVE-PRNG, and only once with SUAVE-QMC as it is deterministic.
For each family of scalar functions f 1 to f 6 , we consider ten different functions defined by ten different values of (w, c). For each of these functions, we perform 50 computations. In plots analyzing the integration of Genz scalar test functions (Figures 4.1  and 4.4) , values are organized as 6 successive blocks of 500 values: one per function family. Each block contains 10 contiguous sets of 50 values, one per function. Finally, in Figures 4.1, 4.2, 4.4, and 4 .5, plots illustrating the behavior of SUAVE-QMC are presented by duplicating 50 times the result of single evaluations.
Accuracy and Mathematical Robustness. Scalar integrands:
The accuracy of our method is confirmed by the relative errors computed from reference values, obtained with standard Monte-Carlo. Figure 4 .1 presents the log 10 (|< I > −I| / |I|) plot for the 3000 scalar integrals computed on the Genz functions. All methods give results with a relative error of about 0.001, which matches the precision requirements given in Section 4.1, i.e. the relative precision ǫ r is below 10 −3 .
As presented in Section 3.2, GACV relies on two coupled estimators: a control-variate estimator and standard Monte-Carlo. The Monte-Carlo estimator only avoids some pitfalls of the control-variate estimator, and it is therefore used for very few estimations in GACV. This has been verified for all our test functions: the standard Monte-Carlo estimator is used for less than 1% of the estimations, which confirms the gain provided by control-variate for variance reduction.
There is a noticeable accuracy exception both for GACV and SUAVE-PRNG, which exhibit a very large variance for one or two of the ten integrands of the family of functions f 6 (Figure 4.1, right) , as the returned value for the integral is zero for some of the 50 computations, while others are close to the reference. In the case of GACV, this is due to an insufficiently dense sampling at the first step. Indeed, all samples may fall in the interval where f 6 returns 0, depending on the w 1 and w 2 values. In this case, although the w parameter should not be affective, it in fact affects the size of the non-zero interval. It is important to notice that this failure case can be detected by the large variance of several independent lower-precision estimates. When such a failure is detected, it is possible to increase the number of samples for the first few levels of estimations, or simply take the average of the non-zero estimates. SUAVE-QMC is less sensitive to such failure cases because the samples cover the integration domain very uniformly, and have thus more odds to hit the non-zero zones. However, whenever all samples are zero, there is no way to tell that the algorithm has failed: as the samples are deterministic, all estimations will give zero, while the true result is not zero and can be arbitrarily large. In this sense, methods which include a stochastic part are more helpful for arbitrary integrands because failure can be detected and dealt with.
Vector-valued integrands: Figure 4 of them. The underestimation in the Porsche case is caused by regions where the integrand is zero almost everywhere, which often lead to zero estimates and variances. However, we can see that GACV performs more accurate estimations, and better handles this case than both variants of SUAVE. As we can see in Table 4 .1, SUAVE-QMC is consistently faster than SUAVE-PRNG. It is also faster than GACV for five families of functions of the Genz test (families 2 to 6) with varying factors, but it is slower by an average factor of 100 for integrands of the first family. However, on an absolute scale, for the cases where SUAVE-QMC is faster, the absolute difference does not exceed a second, while the difference can exceed ten minutes in favor of GACV for some integrands, with computation times for GACV below 10 seconds, and in average below 0.5 seconds. Note that functions of the families f 2 , f 4 and f 5 are separable on all the definition domain, and that functions of the f 6 family are separable on the non-zero domain. This separability strongly favors SUAVE as VEGAS uses separable functions for sampling. .4 also shows that GACV is very stable in terms of both computation time and number of evaluations for a same integrand, while SUAVE-PRNG exhibits large variations. The memory consumption of GACV is also stable when evaluating several times an integrand, except for the integrands where zero estimates are obtained. In this case, memory consumption is lower since these zero estimates are handled using a single node in the estimation tree.
The peak memory consumption for this test is 93MB for GACV, with a non-memoryoptimal implementation. Memory consumption data is not available for SUAVE, but we did note that the memory used by our simple test program went as high as ten gigabytes of memory with both SUAVE-QMC and SUAVE-PRNG for two of the integrands of the first family (i.e. , the 100 estimations each required 10GB of memory). This peak is confirmed by the number of integrand evaluations required by SUAVE for each integral computation: the 100 millions samples limit has been reached several times by SUAVE-PRNG and SUAVE-QMC. Increasing the maximum number of samples would allow a complete estimation, at the cost of increased computation time and memory consumption.
Vector-valued integrands: As in the scalar case, Figure 4 .5 contains plots of the computation time, the number of evaluations required and memory usage when available, for each of the 500 vector-valued integral evaluations.
A robust method for vector-valued integrand should not require more function evaluations than the sum of function evaluations required to compute each component separately. In fact, each evaluation brings informations for all components at once, leading to an automatic use of the correlation amongst components. Table 4 .2 shows that this is well verified in practice for GACV when integrating functions of the f c family, while both SUAVE-PRNG and SUAVE-QMC do not benefit from any possible correlation amongst components and require a lot more evaluations than computing each component separately. This is a consequence of the use of importance sampling on weakly-correlated vector-valued integrands. The plots of number of evaluations and computation times assess that GACV is also computationally stable on vectorvalued functions, and much faster than both versions of SUAVE.
The right-most plot in Figure 4 .5 shows that the memory used by GACV for each f c integration is larger and globally proportional to the sum of the memory used to evaluate each component. Indeed, the adaptive control variate tree stores more elements per gradient and value at centroid than each individual control variate tree when components are computed separately. The ratio of memory consumption depends on the correlation between components, the stronger the correlation, the lower the ratio. Note that in theory, this plot does not have any per-evaluation meaning, as f 1 , . . . , f 6 are evaluated independently of f c . However, as our memory use is stable, it allows us to visualize the proportionality for a given family of functions.
The speed and computational time stability, is also confirmed by our tests on participating media, shown in Figure 4 .6. Moreover, Figure 4 .6 shows that GACV exhibits a linear behavior with respect to standard deviation both for computation time and number of evaluation, while both SUAVE-QMC and SUAVE-PRNG are in between linear and the standard quadratic behavior or pure Monte-Carlo methods with respect to precision. For instance for the Porsche, 0.013 seconds are required by GACV in average for a relative error ǫ r = 0.1, 0.19 seconds for ǫ r = 0.01, and 2.3 seconds for ǫ r = 0.001: the time/precision ratio (which is mathematically represented by the product t × ǫ r , as precision is inversely proportional to ǫ r ) is roughly constant. Meanwhile, for both SUAVE-PRNG and SUAVE-QMC, the time/precision ratio largely increases when increasing the precision. This translates by the fact that even if both SUAVE-PRNG and SUAVE-QMC are faster than GACV at low precision, they become significantly slower when high precision is required, in a non-linear way. The linear behavior of GACV allows one to tackle high-precision problems while still requiring acceptable amounts of time. 
Application to Voxelization of Participating Media.
Volumetric objects such as smoke, fog, underwater and other participating media are often represented by a spatial distribution of absorption and scattering coefficients. We use RGB triplets to encode these coefficients. The light transport equation handling arbitrary media requires costly numerical integration and sampling along a ray [13] . To improve efficiency, the original medium is usually approximated by functions allowing analytical integration and sampling. Note that recently, sampling of arbitrary media has received a lot of attention [14, 15] . An accurate and multi-resolution representation is the octree. It consists in representing the media by a tree, each intermediate node having 8 equally-sized children distributed in a regular 2 × 2 × 2 grid. Each node contains an approximation of the medium within the octree node, this approximation being any function that can be efficiently integrated and sampled along a ray. The precision of the approximation can be efficiently controlled using an errordriven construction: the only parameter is then the maximum error ǫ allowed for the approximation. We use a quadratic error:
where Ω is the support of the participating medium, h is the approximation, and f the original medium. This error is a 6-components error, as we have one RGB triplet for absorption and one for scattering. The construction is done using an iterative approach based on local errors: each time a node is added, its quadratic error is computed. If it is below a limit ǫ l , then it is a leaf. The complete construction algorithm thus consists in first building an octree which ensures that each node has an error below the maximum global error ǫ, then computing the global error by summing each leaf local error. If this global error is below ǫ, the construction is finished. Otherwise, the octree is refined up to a local error below ǫ/2, then, if required, ǫ/4, etc., until the global error is below ǫ. Therefore, the number of integrals to compute when building an octree is proportional to the number of nodes in the octree: there is one 6-components integral to compute the local error, and a certain number of integrals, depending on the approximation used in the leaves. We demonstrate constant and linear approximations, which both require one 6-components integral per node. This leads in general to several millions of integrals to be evaluated during the construction, for which we require a relative precision of 10 −2 and an absolute precision of 10 −7 in our implementation. These integrals cover a large range of integration domains, in which a large variety of integrands are defined (from zero almost everywhere for the empty part of the Porsche to highly irregular on the border of the cloud). Table 5 .1 shows the computation times needed to build an octree when GACV and SUAVE-PRNG are used to evaluate the integrals. The structure sizes (and number of integrals to compute) are very close, which shows that both methods give similar results for the required global error. Therefore, the lower construction time of GACV is only due to faster integral computations. The time difference for the cloud case is lower because of the complete correlation between the components, allowing the importance sampling used by SUAVE to give correct samples for all components at once. However, even in this case, GACV remains faster. In addition to the numerical validation of our method's accuracy in Section 4, Figure 5 .1 shows that the octrees closely represent the original media, visually validating the accuracy of the evaluation of the millions of integrals required to create the voxelized representation. Note that in our implementation, the octree-construction process is sequential and not parallelized. All the integral computations are thus done sequentially, and the maximum memory consumption for the integrals computation is the memory cost of the costliest integration. As shown in Section 4, this memory cost is low for GACV.
This last test confirms that our method is fast, accurate and stable, and is therefore well adapted for arbitrary integrands on low-to-middle-dimensional domains.
Conclusion.
In this paper, we present globally adaptive control variate, a numerical integration method based on control variate, targeting arbitrary scalar or vector-valued integrands on low-to-middle dimensional spaces. This method relies both on deterministic quadrature rules and Monte-Carlo estimation. We propose to combine a globally adaptive subdivision and a locally-refinable kd-tree with noncombinatorial first-order approximations. We perform the estimations required by the subdivision using a novel estimator based on the control variate and standard Monte-Carlo estimation, which avoids the flaws of standard control variate. We then link the control variate and Monte-Carlo estimation, refining the control variate where needed by the estimation, and using the structure of the control variate to ensure high-quality non-combinatorial stratified sampling. All images are rendered with ray-marching. On the left, the reference medium, in the middle and on the right, the medium is approximated by an octree with an error of ǫ = 0.001 for the Porsche and an error of ǫ = 0.5 for the cloud. Integral evaluations for the octree construction are done with our GACV method for middle images, and with the SUAVE-PRNG method for images on the right.
Extensive numerical tests have shown that GACV is accurate, highly robust computationally, fast, linear with respect to precision in practice, and requires a low amount of memory both in the scalar and vector-valued case. Further analysis has shown that GACV is particularly well-suited for vector-valued integrals, as it naturally exploits the correlation amongst components.
Adding the fact that GACV is simple to implement, this allows us to propose an effective method for the integration of arbitrary low-to-middle-dimensional scalar or vector-valued functions as, for instance, those used in the field of computer graphics.
Source code: The source code of our C++ implementation is provided in the authors webpage. It can be used as a black-box integration method whose integration in a program is illustrated in an example reproducing the results of one of the tests used to analyze our method.
